Solutions to the heat equation between Riemannian manifolds, where the domain is compact and possibly has boundary, will not leave a compact and locally convex set before the image of the boundary does.
Introduction
In their foundational paper [ES] , Eells-Sampson invented the harmonic map heat flow for maps between Riemannian manifolds. If M is a compact Riemannian manifold without boundary, N a Riemannian manifold, and u 0 : M → N a C 1 map, this flow is a solution u : M × [0, ε) → N to their heat equation
Here, τ u denotes the tension field of u, which is the trace of the second fundamental form of its positive timeslices. Eells-Sampson proved short-term existence and uniqueness of solutions to (1) for any C 1 initial data. The case where ∂M ∅ was handled by Hamilton [H] , who proved short-term existence and uniqueness of solutions to the corresponding Dirichlet problem. Hamilton also proved that solutions to (1) will not leave a compact and locally convex subset of N with codimension zero and smooth boundary before the image of ∂M does. The goal of this paper is to generalize that result to arbitrary compact and locally convex sets. 
The proof combines ideas of Hamilton [H] and L. Christopher Evans [E] . Hamilton's idea was to apply a maximum principle to the composition of the flow with the signed distance to ∂Y. Evans proved a similar result for solutions to certain reaction-diffusion systems that map into convex subsets of R n . His argument resembled Hamilton's, with the additional insight that, when ∂Y is not smooth, that composition is still a viscosity solution to the differential inequality needed to apply the corresponding maximum principle. Combining these arguments allows one to remove the assumption that ∂Y is smooth. To handle the case where Y has arbitrary codimension, one need only change the function that's composed with the flow; rather than work with the signed distance to ∂Y, one may work with the distance to Y itself.
Convexity
A subset Y ⊆ N is strongly convex if, given any p, q ∈ Y, there exists a unique minimal geodesic γ :
The convexity radius of N will be denoted r : N → (0, ∞]. This is the continuous function characterized by the fact that, for each y ∈ N, r(y) = max{ε B(x, δ) is strongly convex for all 0 < δ < ε}. A subset Y ⊆ N is locally convex if, for each y ∈ Y, there exists 0 < ε(y) < r(y) such that Y ∩ B y, ε(y) is strongly convex. The following theorem about the structure of locally convex sets was proved by Ozols [O] and, independently, Cheeger-Gromoll [CG] . It's also shown in [CG] that, at each p ∈ Y, Y has a unique tangent cone
The following theorem about metric projection onto locally convex sets was proved by Walter [W] . (ii) The geodesic t → exp y t ·exp −1 y π(y) , defined from [0, 1] into N, remains in U and is the unique minimal geodesic connecting y to π(y); (iii) The map y → π(y) is locally Lipschitz and, therefore, differentiable almost everywhere; (iv) The map h :
If Y in the above is compact, one may take U = B(Y, ε) for some ε > 0. Shrinking ε, if necessary, one may suppose that 0 < ε < R. Let H be any hyperplane tangent to a point q ∈ B(Y, ε); that is, let H be an element of the Grassmannian G n − 1, B(Y, ε) ⊆ G(n − 1, N), where n = dim(N). Let v ∈ H ⊥ have unit length, so that H ⊥ = {tv t ∈ R}. For each 0 ≤ t < R, the exponential map restricted to the normal bundle of the embedded submanifold exp q H ∩ B(0, R) is a local diffeomorphism around the vector −tv. It follows that there exists 0 < δ H < R such that, for S H = exp q H ∩ B(0, δ H ) and P H = {w ∈ S ⊥ H w < ε}, the map exp | P H is a diffeomorphism onto its image. Similarly, there exists an open set U v containing exp q (−tv) such that, for each z ∈ U v , the minimal geodesic γ z connecting z to q remains inside exp(P H ). Without loss of generality, one may take U v to be small enough that U v ∩ S H = ∅.
Proof of the main theorem
Let SY = {w y ∈ TN y ∈ Y, y = 1}. Denote by S G n−1,B(Y,ε) the space of bilinear forms on hyperplanes
by setting II(w y , t) equal to the second fundamental form of the level set of d S w ⊥ y through exp y (−tv); equivalently, II(w y , t) is the Hessian of d S w ⊥ at exp y (tw y ). With respect to the usual smooth structure on S G(n−1,N) inherited from its structure as a vector bundle over G(n − 1, N), the map II is smooth. Let µ : SY × [0, ε] → R be the function that takes (y, t) to the minimum eigenvalue of II(y, t).
Lemma 4. The function µ is Lipschitz continuous.
Proof. Let V be a open subset of N that's small enough that its closure is compact and admits an orthonormal frame {e 1 , . . . , e n−1 }. For each A ∈ S G(n−1,V) and 1 ≤ i, j ≤ n − 1, let ς i j (A) = A(e i , e j ). Write A ς = ς i j (A) 1≤i, j≤n−1 . Then the eigenvalues of A are equal to the eigenvalues of A ς . In particular, for the minimum eigenvalue function ν, one has that ν(A) = ν(A ς ) on G(n − 1, V). Following Hamilton, one computes
where · denotes the usual matrix norm and the constant C exists because all norms on a finite-dimensional space are equivalent. Since the ς i j vary smoothly, the term on the right is a Lipschitz continuous function on S G(n−1,V) × S G(n−1,V) , i.e., 
Proof. On a small neighborhood of (x, t), u remains within exp(P H y ). In any local coordinates (x 1 , . . . , x m ) for M around x and (y 1 , . . . , y n ) for N around y, Hamilton computes 
Lemma 6. The subspace H y is a supporting hyperplane to Y, i.e., the closure C π(y) of the tangent cone at π(y) is contained in a closed half-space H y with boundary H y . Moreover, exp −1 π(y) (y) H y . Proof. This is a consequence of the first variation formula for length.
. By Lemma 6, for any z ∈ U y , the geodesic γ z must hit S y before it hits Y. This shows that d S y ≤ d Y within U y .
I will also use the following maximum principle for viscosity solutions, which generalizes the maximum principle of Hamilton. 
Then, by compactness, h achieves a positive maximum on M × [a, T ], say at (x 0 , t 0 ). By assumption, x 0 ∂M and 0 < t 0 ≤ T < b, so (x 0 , t 0 ) lies in the interior of M × [a, b] , and h satisfies ∂h ∂t − ∆h + h ≤ 0 in the viscosity sense at (x 0 , t 0 ). Because x 0 is a global maximum of h on M × {t 0 }, one has that ∆h ≤ 0 in the viscosity sense there. Let φ be a smooth function that touches h from above at (x 0 , t 0 ), i.e., φ(x 0 , t 0 ) = h(x 0 , t 0 ) and φ ≥ h on an open set around (x 0 , t 0 ). By the definition of viscosity solution, ∂φ ∂t | (x 0 ,t 0 ) − ∆φ| (x 0 ,t 0 ) + φ(x 0 , t 0 ) ≤ 0. Since ∆φ| (x 0 ,t 0 ) ≤ 0 and φ(x 0 , t 0 ) > 0, ∂φ ∂t | (x 0 ,t 0 ) < 0. But this implies that the constant function ψ(x, t) = h(x 0 , t 0 ) touches h from above at (x 0 , t 0 ), which means that
, and, letting T → b, the result follows by continuity.
It is now possible to prove the main theorem. • u * ) ≤ ∆ρ + Cρ at (x, t), so at that point ρ satisfies ∂ρ ∂t − ∆ρ − Cρ ≤ 0. Let φ be any smooth function that touches σ from above at (x, t), i.e., φ(x, t) = σ(x, t) and φ ≥ σ on a neighborhood of (x, t). By Lemma 7, ρ touches σ from below at (x, t), which implies that φ touches ρ from above at (x, t). Thus 
